It marked a significant advance in astrophysics when M. N. Saha first showed how the degree of ionization in stellar material could be calculated in terms of its temperature and pressure (or density). In the usual theory of thermal ionization the free electrons are treated as a classical perfect gas and, therefore, the theory is applicable only so long as the temperature and density of the material are such that the free electrons are non-degenerate in the sense of the Fermi-Dirac statistics. In the outer atmosphere of a star the condition of non-degeneracy is always satisfied, but in the interior of the white dwarf stars and the planets (and possibly in the interior of other stars as well) the conditions of temperature and density are such that the free electrons form a degenerate gas and their behaviour can no longer be described in terms of classical perfect gas.
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In the case of coldt m atter Saha's theory loses its validity and the degree of ionization in degenerate m atter must be investigated on other lines. This investigation of the ionization in degenerate matter is of importance in astrophysics, particularly in researches dealing with the internal con stitution of the white dwarf stars and also, as has been recently shown (Kothari and Majumdar 1936a, 19366; Kothari 1936) , in predicting the maximum radius for a cold body. ' In this paper we shall deal with the theory of ionization in degenerate matter. In Section 1, by an application of the virial theorem, we derive a relation which predicts the degree of ionization in degenerate matter in terms of its density. This relation is obtained on certain simplifying assump tions and we cannot regard it as entirely satisfactory. $ (All the same, we believe it to be better than any given previously.) In section 2 the results of this paper are compared with those previously obtained. Section 3 deals briefly with some astrophysical applications. The important results are summarized at the end of that section.
f The word cold is used here in a technical sense. M atter will be referred to as cold or degenerate, when an Y free electrons present constitute a degenerat f One can consider the present theory to be in the same prelim inary stage as the th eo ry of m etals im m ediately after its revival by Sommerfeld.
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where T is the total kinetic energy for all the particles of the assembly, W the total potential energy, V the volume and p the external pressure to which the assembly is subject.
Consider material § composed of atoms of atomic weight A and atomic number Z compressed to such an extent that some at least of the outer atomic orbits overlap, and therefore the electrons which occupied these levels are rendered (or squeezed) free-in other words we contemplate conditions such th at pressure-ionization occurs. We can divide the material into similar spherical cells-each cell containing a nucleus and Z electrons. In general, some of these electrons will be bound and some will he free. If a denotes the radius of the cell, then a will be connected with the density by the relation P
where mH is the mass of the hydrogen atom and is a factor of the order unity. The exact value of y 1 depends on several factors-particularly the lattice arrangement of the atoms.
In estimating the kinetic energy T we include all electrons, bound as well as free. As is now well known from the investigations of Fermi, Thomas f In a previous p ap er (K othari 1936 ) th e virial theorem has been applied in th e form 2 T + W + Wq = 0 to th e stellar configuration as a whole, w here T, W an d Wq are th e to tal kinetic, electrostatic a n d g rav ita tio n al energies respectively; a n d a relation betw een th e radius R an d th e m ass M of th e configuration was directly obtained. The aim of th e present p ap er is a different one. H ere we are prim arily concerned w ith an investigation of th e th eo ry of pressure ionization; th e astrophysical application of th e theory will be ta k e n up in th e last section-th e results ob tain ed therein going beyond those of th e previous paper.
I t m ay be m entioned th a t th e calculation for th e kinetic an d electrostatic energies in th e present p ap er follows th e lines of th e previous p aper w ith necessary form al changes.
X The general result for force varying as th e n th pow er of th e distance is
2T-(n+l) W = 3
The sign of th e force (a ttra ctio n or repulsion) is im m aterial an d it m ay even v ary from particle to particle. The zero level or sta te for reckoning th e p o ten tial energy W is th e s ta te w hen th e particles are all dispersed to infinity.
§ Throughout this pap er we shall consider m aterial com posed of atom s of one elem ent only, as it does n o t seem practicable a t present to estim ate W for a m ixture of elements.
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and others, the bound electrons in an atom can be treated as forming a degenerate gas, and as the material is cold the free electrons will also be degenerate. It will lead to no serious error in estimating T if we assume the Z electrons as uniformly distributed in the cell. The usual formula for the kinetic energy of degenerate electron gas is 3 /i2/3 10 m \ 877 ]
where n* is the electron concentration^ N the total number of electrons, m the electron mass and h Planck's constant. Substituting Z for N, and Z /y2a3 for n*, where y 2 is a factor of the or kinetic energy per cell 3Z 87ry2a3 and, therefore, T the total kinetic energy of the assembly is obtained by multiplying T' by the number of cells into which the assembly is divided, i.e. T = ) ' w^ere P *s density and V the volume of the assembly.
Substituting for a3 from (2), we have
We shall now obtain an expression for W. It is no simple matter to cal culate W accurately, but an approximate value for it can easily be obtained. We shall assume that the total potential energy is obtained by multiplying the electrostatic energy of a single cell with the number of cells. Assuming as before that the Z electrons are uniformly distributed in the cell of radius a, the cell having at its centre a nucleus of charge + Ze, the potential U(x) at any point inside the cell and distant x from its centre will be, after the cell has been built up to radius (V f n* denotes the total electron concentration. The free electron concentration will be denoted by n.
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In the case of degenerate m atter the pressure effectively depends only on the free-electron concentration (the heavy particles being non-degenerate make negligible contribution), and is given by the usual expression 87rh2 ( 3n \i ^ 15 m ( 8777 (9) where n denotes the number of free electrons per unit vo be confused with n* , which represents the total concentration of bound free electrons.
Let us now define p, the mean molecular weight per free electro relationf n P /tmH ' The value of p gives a measure of the degree of ionization. In the case o singly ionized material p = A and f Eliminating n between (9) and (10) we have where ( 12) (13) K may be called the " degenerate-gas constant".
Substituting for T, W and p in (1) the expressions given by (5), (8) and (12) respectively, and after a little reduction, we obtain
t I t m ay be noted th a t p in our w ork denotes th e m ean m olecular w eight per free electron and n ot th e w eight averaged over all th e particles, i.e. free electrons and ions. We shall speak of p defined by (10) as th e electron m olecular weight.
where A stands for
In the above expression y 1 and y 2 are factors of the order unity. Their exact values are uncertain, but as a rough approximation, we shall replace them by unity.f Then we have where fi0 = A /Z . This relation predicts the degree of ionization in matter in terms of its density. If we eliminate between equations (12) and (16) we shall obtain a relation between [i and the pressure p. Thus we see that the ionization in cold m atter depends only on the density or pressure, and for this reason it is called pressure-ionization. Let p* denote the density when the material is singly ionized then (16) gives and we can write (16) itself in the form In the application of the theory which we shall take up in the last section, equation (18) in certain cases has some advantage over equation (16) . The assumptions that we have made to enable us to estimate T and W in an elementary way, though they do not interfere with the underlying prin ciples of the theory, yet render equations (16) and (18) valid only as rough approximations. In the case, therefore, where p* can be estimated from other considerations (for example in the case of the alkali metals we might take it to be the density of the normal metal), we can substitute this value of p* in (18); then, presumably, this equation will give better results than a direct application of (16). This point is also brought out in the next section, where we compare the results obtained in this paper with those worked out previously from a somewhat different point of view.
f I f we ignore th e variation of y l5 y 2 w ith density, then as fi m ust equal for p ->oo, it follows from (14) th a t (yxy2) = 1. (16) (18) 2.
In previous papers (Kothari and Majumdar 1931, 19366) we have discussed the theory of pressure-ionization on the crude picture that for material which is on an average r times ionized, the (average) volume avail able per atomic nucleus is less than the volume of r times ionized atom and more than the volume of (r+ 1) times ionized atom, that is " Number o f" Volume of ' Number o f" Volume of nuclei per X (r -1) times > 1 > nuclei per X r times .unit volume.
.ionized atqm. .unit volume. _ionized atom.
Under such conditions the material will be on an average r times ionized, for all atomic levels which the outer r electrons can occupy «H is the radius of the first Bohr orbit for hydrogen |u H = ) * volume of the r times ionized atom can be roughly taken to be th at of a sphere of radius anl^ew and hence, after a little reduction, conditio is transformed into the following form:
The material will be on an average r times ionized (/i = A/r), provided the density p lies between the limits (20) where
p* has a simple meaning. It follows from the above relation that for the material to be singly ionized the density should not be less than p*. If the density is less than p f the material will be on an average less than singly ionized, and if it exceeds p*(^2/^ 1)1 if wifi be more than singly ionized.
We shall now proceed to numerical work and consider the following two cases:
(а) The material is assumed to be Iron (A = 55-84, Z = 26).
(б) The material is assumed to be Hydrogen 1). We first take the case of iron. The successive ionization potentials have been calculated by Hartree from his method of self-consistent field. Fig. 1 F ig. 1. The figure refers to Iron (A = 55-84; 26) . The ordinates represent p, the electron m olecular weight, and th e abscissa represent log for curves A and B, and log for curve C.
p denotes th e density, p* and pf denote the densities to single ionization, as explained in the tex t.
exhibits the results of our calculation. The inequality (20) shows that for a given degree of ionization, that is for a given the density lies between certain (fairly narrow) limits which in the figure are indicated by the curves A and B. The ordinates denote ju and the abscissa lo The portion of curves to the extreme right corresponds to complete ionization of the material to bare nuclei and free electrons. As we move towards the left we meet a bend in the curve A at K 1, which corresponds to the beginning of the formation of the if-shell. At K 2 the A-shell is complete, and at L1, the formation of the A-shell begins and is completed at L2. The formation of the M-shell commences at M1. The further run of the curves is indefinite, as the ionization potentials from \Jr1 to are not known individually, but only their average value (80 V); and for this average value the values of logp/pf for the two curves are indicated by two arrows in the figure.
We now turn to the expression for pressure-ionization obtained in Section 1. The curve C in the figure represents plotted against log10p/p*, as given by equation (18). The discontinuities corresponding to the K, L, M-shells present in the shaded curve AB (the shaded region between the curves A and B will be referred to for brevity as the shaded curve AB) are smoothed out, as is to be expected, in the curve C (which is based on a statistical distribution of the electrons). I t will be noticed that leaving aside the region of low ionization the run of the two curves is fairly alike. For low ionization the divergence between them is large; for a given the shaded curve AB gives a larger density than curve C.
The density p* corresponding to single ionization in the case of the curve C is found from (17) to be 69-9 g./cm.3, whereas in the case of the shaded curve p* the (minimum) density for single ionization is found from (21) to be 63-6 g./cm.3 However, for single ionization the density should not be much different from the density of the normal metal (7*86 g./cm.3 for iron), and the fact that both p* and p* (though agreeing among themselves)! are far removed from this value must serve as a reminder of the rather severe nature of the approximations that occur in the present form of the theory!. It appears, therefore, that in astrophysical applications of the theory of Section 1 we shall get results in better accord with observation if we take p* in equation (18) to be equal to the density of the normal metal rather than its theoretical value as given by (17). This will be found to be the case in the next section.
f Com paring (17) an d (21) we find th a t
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where xjr° ( = 13*53 V) is th e ionization potential for H atom . + I t m ay be perm issible to rem ark th a t this com parison betw een th e density of th e norm al m etal and p *(or p *) is ra th e r unfair to th e theory, a estim ating W, etc. render it particularly inaccurate in th e region of low ionization (see also Feinberg 1935).
We now take np the case of pressure-ionization in hydrogen. In this case equation (16) The degree of ionization increases with increasing density or pressure. The relation (20), however, which as already remarked is based on a very crude picture of the phenomena, requires complete ionization for densities above p* = 2-68 g./cm.3, and no ionization for smaller densities. Equatio (22) shows that for densities greater than the ionization will exceed 84 %, and thus the result following from the crude picture is in reasonably good accord with this equation.
In this connexion it is interesting to note than in a recent paper Wigner and Huntington (1935)-following the lines of the theory of metals given by Wigner and Seitz-have shown the possibility of the existence of metallic hydrogen under pressures of the order of 105 atmospheres. (According to  Table I , hydrogen under a pressure of 105 atmospheres will be about 60 % ionized.) These high pressures are beyond the present laboratory technique, but are of the order that occur in the interior of planets.
In the following section we shall give a brief discussion of the astrophysical applications of the theory.
3.
The first astrophysical application of quantum statistics was made by Fowler (1926) in a fundamental paper on the white dwarf stars-stars characterized by a comparatively low luminosity, a high effective tempera ture and abnormally large mean density of the order of 105 g./cm.3 This was followed by the work of many investigators, and amongst them Milne's contributions (1932) have been of far-reaching significance and wide appli-cation. It is now well established that the essential features of the internal constitution of the white dwarf stars can be accounted for by considering their interiors to be composed of cold matter.
Let us consider a spherical aggregate of cold m atter of mass in equi librium under its own gravitational forces. Then, its radius is given by the usual relation (neglecting the effect of relativistic mechanics which is justified so long as the mass M is not larger than th at of the sun)f R l /o\* p%\M} ' 5(j4)iK 2*79 x 109 cm., (23) (24) where is a constant (2T 219), characteristic of Emden's solution of Emden's equation of index 3/2, Gi s the gravitationa the mass of the sun.
The relation (23) involves p. The question arises: " W to be taken in the above formula. Does it depend on M or is it independent of it? " To answer th at question we have to bring in the theory of pressure ionization discussed in the preceding sections.
In cold m atter the degree of ionization is determined essentially by the density or pressure, and if as a first approximation we replace the density p in equation (16) by the mean density of the configuration, we have Eliminating p between (23) and (25) we obtain where for A we have substituted from (17) its \ alue in terms of p*.
f The form ula is quoted from M ilne's pap er (19^2), w ith th e slight change in notatio n in th a t his p is our pmH and his K is our K /p . Equation (26) is fundamental for our purpose, and it leads to several interesting consequences. It shows that as the mass M increases from zero upwards, the radius R at first increases, attains a maxi then decreases approaching zero for M-> oo. value for the radius, and M0 the corresponding mass, then differentiating (26) with respect to M we immediately find
We shall now proceed to numerical work. Some assumption has to be made regarding the chemical composition of the material. We shall make here the following alternative assumptions:
(1) The material is assumed to be iron. This will be referred to as assump tion F.
(2) The material is assumed to be hydrogen. This will be referred to as •assumption H.
Under assumption F two further alternatives are possible. As already remarked in the foregoing section we can substitute in (26) for p*, the density corresponding to single ionization, either its theoretical value as given by (17), or identify it with the density of the ordinary (terrestrial) metal (for iron = 7-86 g./cm.3). The first alternative will be referred to as assumption F (a), and the second as assumption F (6). Fig. 2 exhibits the results of our calculations. The various curves represent the theoretical mass-radius relation on the different assumptions. The upper curve (HH) corresponds to the case of hydrogen (assumption H). The middle curve F BF and the lower curve F AF refer to the case of iron, the former when p* is identified with the density of the metal (assumption F ( b) )and the latter when p* is given its theoretical value (assumption F (a) ). For a given value of M, the (M, R) curve fixes R, and using this value of R in equation (25) we obtain the value of p for the given M. In this way a ladder of p valves has been put down on each (M, R) curve. An inspection of the figure shows that the ionization increases with increasing mass, and for M comparable to the solar mass the ionization has become (almost) complete.
There is a point with regard to these curves that must be mentioned at the very outset. The equation (23) and so also (26) which is based on it, as already remarked, do not take account of the effect of relativistic .f The effect of relativistic mechanics is negligible for small masses, but be comes appreciable for M comparable to the solar mass, and for larger masses 'w (the sm allest w hite dw arf observed) th e m ass is n o t know n. Its radius estim ated by K uiper (1935) lies betw een th e tw o horizontal lines indicated in th e figure. the non-relativistic equation (26) breaks down altogether. It has been mentioned above that for M > O the theory of pressure ioniz the ionization to be complete and hence, as it happens, for a mass for which the relativistic effect has to be taken into account [i equals /i0. Chandra sekhar (1935) has worked out in detail, taking account of the relativistic effect, the properties (radius, central density, etc.) of the equilibrium configuration of any mass M composed of matter, and jl o 0 in accordance ionization. These curves are shown dotted in the figure. Each dotted curve merges in the corresponding non-relativistic curve in the region of M com parable to and smaller than O, as the relativistic effect is then negligible. The complete mass-radius relation based on the theory of pressure-ioniza tion and taking into account the effect of relativistic mechanics is shown by the three curves H H R, F BF R and F AF R on assumption H, assumption F (6), and assumption F (a) respectively.
We are now in a position to compare the theoretical results with the observed (M, R) values for bodies composed of cold matter.
It has been usual to regard the white dwarf stars as composed of cold m atter.f We shall make here the assumption that the planets contain a core of cold matter, the size of the core being not much different from the planetary radius. A priori there is nothing against our assumption, and at any rate it is worth while to examine its consequences. If, as turns out to be the case, the theoretical results are in reasonable agreement with the observed (M, R) values for planets, then our assumption that the planetary interior is composed of degenerate matter will be placed on almost the same footing as the corresponding assumption for the white dwarf stars 4
The observed (M, R) values § for the planets and the white dwarf stars are all shown in fig. 2 , and it is indeed interesting to find that the observed values fall in between the extreme theoretical curves HHR and FAFR for ■ (* By exam ining in detail th e case of a m odel w hite dw arf (K othari 1933) it has been shown th a t th e thickness of th e outer non-degenerate envelope is very small com pared to th e radius of th e degenerate core.
f A nd after all the planets form no uncongenial com pany w ith the white dwarfs. In th e case of the E a rth a t any ra te the w ork of Oldham , G uttenberg and others has shown th a t th e interior is a core of m olten iron (w ith possibly a dash of nickel), an d therefore is degenerate m a tte r which differs only in the degree of ionization from degenerate m a tte r in the interior of the w hite dwarfs. The planets, in fine, m ay be regarded as " black d w a rfs"-a term originally due to Fowler for a white dw arf sta r of zero lum inosity.
§ In th e case of th e Sun an d th e planets th e ( values are taken from H . N. Russell, The Solar System and its Origin (1936) , p. 10, and for the white dwarfs from K uiper (1934, 1935). hydrogen and iron respectively. It will be noticed that, compared to the curves HH R and FAF R, the middle curve corresponding to assumption F (6) for iron approximates more closely in the region of terrestrial planets to the run of the curve representing the observed (M, R) values, but the significant fact is that the " observed curve" always lies between the extreme theoretical curves.f The following table gives the values of the maximum radius and the corresponding mass M0 as estimated from the " observed curve" . The theoretical values given by (28) are also given for comparison. The agreement is reasonably satisfactory.
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It will be observed that the (known) white dwarfs have all masses much larger than M0 (the mass corresponding to maximum radius), whereas the planets are all smaller than M0. That the observed white dwarfs are all much more massive than M0 seems easy to understand, for any white dwarf much smaller than the observed ones would cool too rapidly and would be too faint to be observationally accessible. But there appears to be no immediate explanation of the significant fact that all (known) planets are smaller than Mq. In the case of the white dwarf stars, as they happen to be much larger than M0, the theory of pressure-ionization predicts (see fig. 2 ) that the material composing them will be (almost) fully ionized.
Another point of interest may be noted. It will be noticed in the figure that the observed ( , R) values for the two heaviest planets Jupiter and Saturn lie much closer to the Hydrogen curve than to the Iron curves, whereas the terrestrial planets (Mercury, Venus, Earth, Mars) lie nearer to the Iron curves than to the Hydrogen curve. We are thus led to infer that the interior of the outer planets Jupiter and Saturn are in all probability composed of metallic hydrogen, whereas the terrestrial planets possess much denser metallic cores.
The main results which have been obtained from the application of the theory of pressure-ionization may be summarized as follows:
(i) The theory predicts that the stellar material in the interior of the white dwarf stars should be fully ionized.
t By " observed cu rv e " we m ean a sm ooth curve passing th rough (or as n ear as possible to) th e observed (M , R) values. This curve is n o t draw n in the figure, b u t its general ru n is evident. (ii) It predicts the existence of a maximum radius for a body. The value of this maximum radius is about the same as the radius of the planet Jupiter. There cannot be a "cold" body {planet or white dwarf) larger in size than Jupiter.
(iii) The theory shows that the two heaviest planets (Jupiter and Saturn) have cores composed of metallic hydrogen. The terrestrial planets have cores of much heavier metal, possibly iron.
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